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In this work we study models of anisotropic inflation with the generalized non-vacuum initial
states for the inflaton field and the gauge field. The effects of non Bunch-Davies initial condition on
the anisotropic power spectrum and bispectrum are calculated. We show that the non Bunch-Davies
initial state can help to reduce the fine-tuning on the anisotropic power spectrum while reducing
the level of anisotropic bispectrum.
I. INTRODUCTION
Statistical isotropy of the cosmological background is a fundamental assumption in standard cosmology which is
well-supported by different cosmological observations at different scales and red-shifts. The principle of statistical
isotropy on large scale is also motivated from the Copernicus point of view in which there is no preferred direction
or reference point in the universe. However, there are indications for the violation of statistical isotropy in recent
cosmological observations such as WMAP [1, 2] and PLANCK [3], for a detailed review see [5].
Anisotropic inflation is an interesting mechanism for generating statistical anisotropies in CMB map. In order to
break the conformal invariance a U(1) gauge field is non-minimally coupled to inflaton field such that the gauge field
survives the exponential expansion. A simple and theoretically well-motivated model of anisotropic inflation is based
on the theory with the Lagrangian f(φ)2FµF
µ/4 in which φ is the inflaton field, Fµν is the gauge field strength and
f(φ) is the inverse of the gauge kinetic coupling [7, 8], for a review see [9, 10] and the references therein. An interesting
realization of anisotropic inflation was put forward in [11], see also [12–15], in which with an appropriate choice of the
coupling f(φ) one can break the conformal invariance such that an attractor mechanism is generated for the gauge
field dynamics. During the attractor phase the fraction of the gauge field energy density to the total energy density is
nearly constant, at the order of slow-roll parameters [11]. As a result, statistical anisotropies can be generated which
are small but can be observable.
Quadrupolar asymmetry is a generic predictions of models of anisotropic inflation. The anisotropies induced on
primordial curvature perturbation power spectrum PR has the form
PR = P(0)R
(
1 + g∗(nˆ.kˆ)2
)
(1)
in which P(0)R is the isotropic power spectrum, kˆ represents the momentum direction in Fourier space while nˆ is the
preferred direction in the sky. In this view, g∗ measures the amplitude of the quadrupole asymmetry. There are
strong observational constraints on value of g∗. At 95 % CL the PLANCK data implies −0.05 < g∗ < 0.05 and
−0.36 < g∗ < 0.36 from L = 0, L = 2 modes respectively. On the other hand, the constrains from PLANCK data
were further investigated in [6], yielding g∗ = 0.002 ± 0.016 at 68% CL. Despite the strong observational constrains
on quadrupolar asymmetry the the possibility of having a quadrupolar asymmetry in primordial power spectrum is
interesting theoretically.
One peculiar feature of models of anisotropic inflation is that g∗ quadratically scales with N , the total number
of e-foldings [16–25]. This indicates that if the duration of anisotropic inflation in the attractor regimes last long
enough, much longer than the minimum 60 or so e-foldings to solve the flatness the horizon problem, then too much
anisotropies are generated. Physically, this originates from the fact that once the gauge field excitations leave the
horizon they become super-horizon and create an effective anisotropic background [19]. The induced infra-red (IR)
anisotropies generated from the gauge field fluctuations can accumulate to destroy the background slow-roll inflation.
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2This is in contrast to scalar field fluctuations in which the super-horizon scalar field perturbations carry no preferred
directions and no IR anisotropies are generated.
In order not to produce too much IR anisotropies in models of anisotropic inflation, one has to chose the minimum
value of N required to solve the flatness and the horizon problem. In this situation one has to worry about the initial
quantum state of the the universe. In conventional models of inflation one usually assumes that inflation lasts very
long in the past so for the cosmological scales, i.e. CMB scales perturbations, one can safely assume the vacuum or
the Bunch-Davies (BD) initial state. This is motivated from the fact that the BD vacuum has the minimum energy
so if inflation continues long enough in the past then the universe eventually ends up in a BD vacuum state. Now in
models of anisotropic inflation with a finite value of N one has to consider a generalized initial state which may not be
the vacuum state. In other words, the inflationary universe did not have much time to settles down to a BD vacuum.
With this motivation in mind, in this paper we would like to investigate the effects of non-BD initial conditions for the
anisotropic power spectrum and bispectrum in models of anisotropic inflation. For earlier works on non-BD effects
on anisotropies see also [26, 27]. Indeed, the issue of non-BD initial state have been studied extensively in recent
literature [28–43]. In particular, a non-BD initial condition yields large local-type non-Gaussianity in single field
models of inflation. This is one of the known mechanism to violate the celebrated Maldacena’s consistency condition
[44] for the single field inflation models1 which can have important observational implications.
II. ANISOTROPIC INFLATION
In this section we review anisotropic inflation briefly following the analysis of [18] and [22]. First we present the
background while the perturbations are presented in next sub-sections.
A. Background
The model consist of an inflaton field in the presence of a U(1) gauge field. The action is given by
S =
∫
d4x
√−g
[
M2P
2
R− 1
2
∂µφ∂
µφ− f
2(φ)
4
FµνF
µν − V (φ)
]
(2)
in which φ is the inflaton field and as usual Fµν = ∂µAν − ∂νAµ represents the field strength obtained from the
U(1) gauge field Aµ. It is assumed that the gauge field has a non-zero background value along the x-direction so
Aµ = (0, Ax(t), 0, 0). This breaks the isotropy of the space-time and the background has the form of Bianchi I Universe
with the metric
ds2 = −dt2 + e2α(t)
(
e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)
)
= −dt2 + a(t)2dx2 + b(t)2(dy2 + dz2) . (3)
With this space-time metric H ≡ α˙ represents the average Hubble expansion rate while Ha ≡ a˙/a and Hb ≡ b˙/b
measure the expansion rates along the spatial directions x and y. We also define σ˙/H ≡ (Hb −Ha)/H as a measure
of anisotropic expansion.
The background fields equations are given by
∂t
(
f2(φ)eα+4σA˙x
)
= 0 (4)
φ¨+ 3α˙φ˙+ Vφ − f(φ)f,φ(φ)A˙2xe−2α+4σ = 0 (5)
1
2
φ˙2 + V (φ) +
1
2
f2(φ)A˙2xe
−2α+4σ = 3M2P
(
α˙2 − σ˙2) (6)
V (φ) +
1
6
f2(φ)A˙2xe
−2α+4σ = M2P
(
α¨+ 3α˙2
)
(7)
1
3
f2(φ)A˙2xe
−2α+4σ = M2P (3α˙σ˙ + σ¨) , (8)
1 For another known method of violating the Maldacena’s consistency condition see [45–48] in which there are some non-attractor phase
of inflation at the early stage of inflation.
3where a dot represents the derivative with respect to cosmic time t.
Fortunately the Maxwell equation for Ax, Eq. (4), is easily solved to yield
A˙x = f(φ)
−2e−α(t)−4σ(t)pA , (9)
in which pA is a constant of integration.
In general the above system of equations is too complicated to be solved analytically. On the physical ground, we
are interested in the small anisotropy limit, |σ˙/H|  1. As a result one expects that the background expansion is
mainly driven by the isotropic potential as in conventional models of inflation. In order for the anisotropy to be small
we demand that the ratio of the electric field energy density associated with the gauge field to the total potential to
be small. Denoting this ratio by R we therefore look for R 1 in which
R ≡ A˙
2f(φ)2e−2α
2V
. (10)
During the attractor regime the anisotropy is small, R  1, so the Hubble expansion rate in modified Friedmann
equation (6) is mainly determined by the potential term. However, the back-reactions of the gauge field on the inflaton
field can not be neglected. It induces an effective mass for the inflaton field as shown by the last term in Eq. (5). As a
result, the dynamics of the inflaton field is different than the conventional isotropic models. Choosing an appropriate
form of the gauge kinetic coupling f(φ) the system reaches an attractor solution in which R reaches a sub-dominant
but nearly constant value [11].
In order to obtain a nearly constant value of R one requires f(φ) ∝ an with n ' −2. In general, the background
expansion is given by
a ∝ exp
[
−
∫
dφ
V
Vφ
]
. (11)
Therefore, if we consider
f ∝ exp
[
−n
∫
dφ
V
Vφ
]
(12)
then f scales as f ∝ an. To find the exact form of f(φ) one has to specify the potential V (φ). For the chaotic
potential V = 12m
2φ2 one obtains
f(φ) = exp
(
cφ2
2M2P
)
, (13)
with c a constant such that c ≥ 1. In order to obtain small anisotropy we require to tune c very close to unity.
One can also express f in terms of time or the scale factor a(t) = eα as
f =
(
a
af
)−2c
'
(
η
ηe
)2c
, (14)
in which η is the conformal time related to the cosmic time via dη = dt/a(t) and ae and ηe represent the values of
the scale factor and the conformal time at the end of inflation.
As shown in [11] during the attractor regime R scales like the slow-roll parameter given by
R =
c− 1
2c
H =
1
2
I , (15)
in which the anisotropy parameter I is defined via I ≡ c−1c and  ≡ H˙/H is the slow-roll parameter. In addition, the
anisotropic expansion is given by
σ˙
α˙
' I
3
. (16)
4B. Perturbations
Here we review the perturbations in anisotropic inflation backgrounds. We follow the convention of [22].
Because we turn on the background gauge field along the x-direction, the three-dimensional rotation symmetry is
broken into a two-dimensional rotation symmetry in y − z plane. Therefore, in order to classify the perturbations in
this setup one should look at the transformation properties of the physical fields under the rotation in y − z plane.
As mentioned in [18, 22] the metric and matter perturbations are classified into the scalar and vector perturbations.
In addition, it is important to note that there are no tensor perturbations in two dimensions.
The general form of the metric and matter perturbations and their transformation properties under a general
coordinate transformation have been studied in [22], see also [18]. One crucial conclusion from these studies is that
the dominant contributions in curvature perturbation anisotropies are generated from the matter sector perturbations
and the contribution from the metric sector perturbations are sub-leading. This is specifically demonstrated for the
power spectrum anisotropies in [22] and implicitly for bispectrum anisotropies in [19] and [24]. As a result, in the
analysis below we neglect the metric perturbations and work with the background Bianchi I universe.
Our system enjoys a subset of two-dimensional symmetry in y − z plane so we choose the coordinate system such
that the Fourier wave number has the following form
k = (kx, ky, 0) , kx ≡ k cos θ , ky ≡ b
a
k sin θ . (17)
In this coordinate system, the scalar and the vector perturbations of the matter sector, δA
(S)
µ and δA
(V )
µ , are
δA(S)µ = (δA0, δAx, ∂yM, 0) , δA
(V )
µ = (0, 0, 0, D) . (18)
One can check that the scalar and the vector perturbations do not mix with each other in quadratic action and one
can look at their excitations and propagations separately. In this work we are interested in anisotropies generated in
curvature perturbation power spectrum and bi-spectrum so we do not consider the vector excitations any further.
C. The Perturbations Actions
In order to find the normalized wave-function we need the action of the free theory. In addition, to calculate the
anisotropies generated in power spectrum and bispectrum we need the second order exchange vertex interactions. The
full second order action is given in Eq. (B1) in [22]. Neglecting the metric perturbations as mentioned above yields
S2 =
∫
dηd3k
[
b2
2
|δφ′|2 − b
2
2
k2x|δφ|2 −
a2
2
k2y|δφ|2 +
b2
2a2
f2|δA′1|2 +
b2
2a2
f2k2x|δA0|2 +
f2
2
k2y|δA0|2
−ikx b
2f2
2a2
(δA′∗1 δA0 − δA′1δA∗0) +
f2
2
k2y|M ′|2 −
f2
2
k2y(M
′∗δA0 +M ′δA∗0)−
f2
2
k2y|δA1|2 −
f2
2
k2xk
2
y|M |2
+ikx
f2
2
k2y(δA
∗
1M − δA1M∗) +
b2ff,φ
a2
A′x(δA
′∗
1 δφ+ δA
′
1δφ
∗) + ikx
b2ff,φ
a2
A′x(δA
∗
0δφ− δA0δφ∗)−
f2
2
k2y|δA1|2
+
b2f2,φ
2a2
A′2x |δφ|2 +
b2ff,φφ
2a2
A′2x |δφ|2 −
a2b2
2
V,φφ|δφ|2
]
. (19)
After integrating out the non-dynamical field δA0, one obtains an additional contributions into the action. Denoting
this additional contribution by ∆LδA0 we have
∆LδA0 = −
2a2
b2f2k2
∣∣∣∣∣ikx b2f22a2 δA′1 − f2k2y2 M ′ + ikx b2ff ′a2 A′xδφ
∣∣∣∣∣
2
. (20)
Adding this into the action, the total action for the dynamical fields δφ,M and δA1 becomes
L2 = L
(0)
δφδφ + L
(0)
δA1δA1
+ L
(0)
MM + L
(0)
δφδA1
+ L
(0)
δφM + L
(0)
MδA1
+ ∆LδA0 (21)
in which L
(0)
δφδφ, L
(0)
δA1δA1
and so on represent the quadratic Lagrangians directly coming from the action Eq. (19)
without taking into account the additional contributions from ∆LδA0 .
5More specifically,
L
(0)
δφδφ =
b2
2
|δφ′|2 +
(
−b
2
2
k2x −
a2
2
k2y −
a2b2
2
V,φφ +
b2ff,φφ
2a2
A′2x +
b2f2,φ
2a2
A′2x
)
|δφ|2 (22)
L
(0)
MM =
f2
2
k2y|M ′|2 −
f2
2
k2xk
2
y|M |2 (23)
L
(0)
A1A1
=
b2
2a2
f2|δA′1|2 −
f2
2
k2y|δA1|2 (24)
L
(0)
δφδA1
=
b2ff,φ
a2
A′x(δA
′∗
1 δφ+ δA
′
1δφ
∗) (25)
L
(0)
δφM = 0 (26)
L
(0)
MA1
= ikx
f2
2
k2y δA
∗
1M (27)
Now let us define the transverse mode D1 and the longitudinal mode D2 as follows [22]
D1 ≡ δA1 − ik cos θM (28)
D2 ≡ cos θδA1 + ik sin2 θM (29)
One can easily check that the total action becomes
L2 = Lφφ + LD1D1 + LδφδD1 (30)
in which
Lδφδφ =
b2
2
|δφ′|2 +
(
−b
2
2
k2x −
a2
2
k2y −
a2b2
2
V,φφ +
b2ff,φφ
2a2
A′2x +
b2f ′2
a2
sin2 θ
)
|δφ|2 (31)
LD1D1 =
b2f2
2a2
sin2 θ(|D′1|2 − k2|D1|2) (32)
LδφD1 =
√
6I
η
b2f
a
(D′∗1 δφ+D
′
1δφ
∗) sin2 θ (33)
The advantage of the decomposition into the transverse and longitudinal modes is that we can directly see that the
longitudinal mode D2 is not physical and it is not excited. Also note that we have not imposed any gauge on the gauge
field excitations so our analysis for the gauge field fluctuations are performed gauge invariantly. Alternatively, one can
impose a gauge from the start, say the Coulomb-radiation gauge, and calculate the action for the remaining degrees
of freedom. But our gauge-invariant method has the advantage that the non-physical nature of the longitudinal mode
becomes specific.
The canonically normalized fields obtained from the actions Lδφδφ and LD1D1 are δφ and D1 in which
δφk ≡ bδφk ≡ uk (34)
D1 k ≡ bf
a
sin θD1 k ≡ bf
a
sin θvk (35)
III. THE EFFECTS OF NON BUNCH-DAVIES INITIAL CONDITIONS
In the previous section we have obtained the free theory and the exchange vertex interactions between δφ and D1.
Now we study the effects of non-BD initial conditions on anisotropic power spectrum and bispectrum.
The free actions for δφ and D1 describes massless scale-invariant fields fluctuations in a near dS background. The
wavefunction of the canonically normalized fields has the following profile
Mk = α
I
k√
2k
e−ikη(1− i
kη
) +
βIk√
2k
eikη(1 +
i
kη
) , Mk = {δφk, D1 k} (36)
in which the index I represents the inflaton field or the gauge field, I = {φ,A}. Note that in the BD case with
the Minkowski vacuum, αIk = 1 and β
I
k = 0. The decomposition of modes in Eq. (36) represents the Bogoliubov
6transformation of the Minkowski vacuum containing both the positive frequency, e−ikη, and the negative frequency
eikη. Note that we have allowed for the possibility that the gauge field and the inflaton field fluctuations can have
different Bogoliubov coefficients, i.e. α
(φ)
k 6= α(A)k and β(φ)k 6= β(A)k . This may come from the fact that the gauge field
and the inflaton field may experience different histories in the past inflationary era. For example, there may be features
in the inflation past history which can affect the gauge field and the inflaton field differently. For example, there may
exist particle creations or phase transition only in one sector which can effectively back-react on the corresponding
sector, without affecting the other sector.
The Bogoliubov coefficients αIk and β
I
k are subject to the normalization condition
|αIk|2 − |βIk |2 = 1 . (37)
With this normalization condition, we parameterize the Bogoliubov coefficients as
αIk = coshχ
I
k e
iωIk , βIk = sinhχ
I
k e
iΩIk . (38)
in which χIk, ω
I
k and Ω
I
k are three real variables. The above decomposition will be used in the following anisotropy
analysis. For the future reference it is also helpful to define the relative phase ϕIk between α
I
k and β
I
k as
ϕIk ≡ ωIk − ΩIk . (39)
The natural question is what the physical constrains on the Bogoliubov coefficients αIk and β
I
k are. There are
few conservative constraints which should be implemented when considering non-BD initial condition [37]. The first
condition is that the total energy density associate with the non-BD fluctuations to be finite. Suppose we interpret
the non-BD initial state as the state in which there are particle excitations with the number density
Nk ≡ |βIk |2 , (40)
so the number density of the quanta in the proper unit volume is |βk|2d3k/(2pia(t))3. Summing the energy associated
with these modes, we require their contribution in energy density to remain finite so
∫
d3k kNk converges. This
requires that Nk = O(1/k4+δ) with δ > 0 in the UV region. This can be interpreted as the renormalizability
condition. The second, stronger constraint is that the back-reaction from the non-BD excited states do not halt
inflation. This requires that ∫
d3kkNk .M2PH2 . (41)
Finally, one should make sure that the non-BD fluctuations do not induce too strong scale-dependence in curvature
perturbation power spectrum. The change in the spectral index induced from non-BD fluctuations, δns, is [29] .
δns =
d ln(1 + 2Nk)
d ln k
(42)
From the PLANCK and WMAP constraints we require ns ' 0.97 so the change in δns can be at most at the order
of few percent.
With this discussion in mind, one may try to consider a phenomenological model for the non-BD effects. One
phenomenological modeling is [37]
βIk = β0e
−k2/a(τ0)2M2 (43)
in which M is a UV cut-off of the theory. The condition that the back-reaction from the exited non-BD states do not
destroy the slow-roll inflation implies [37]
β0 ≤
√

HMP
M2
, (44)
in which  = −H˙/H2 is the slow-roll parameter. For the effective field theory description of inflation to be consistent
we require H < M . On the other hand, the cut-off M can be much smaller than MP . Therefore, one can easily obtain
β0 > 1 while all physical constraints from the non-BD effects are met. In particular, from Eq. (44) one obtains the
upper bound β0 <
√
MP
M . As a an example, if we take M ∼ 10−6MP , H ∼ 10−8MP and  ∼ 10−2, then β0 ∼ 103.
Although a large value of β0 is allowed, one should also take into account the limit imposed from the amplitude
of non-Gaussianity fNL. As discussed in the Introduction a non-BD initial condition can generate large local-type
7FIG. 1: The transfer vertex representing the interaction of the inflaton field and the gauge field excitations. The solid line
(dashed line) represents the inflaton (the gauge field) propagator and the filled circle represents the coupling factor determined
by the interaction Hamiltonian HI in Eq. (47).
non-Gaussianity. There is tight constraint from PLANCK observation on local-type non-Gaussianity, fNL = 2.7±5.8
(68 % CL) [49]. The effects of non-BD initial conditions on local-type non-Gaussianity for the models satisfying the
ansatz Eq. (44) are studied in [29]. It is shown that fNL is mainly controlled by the value of β0 and the relative phase
ϕk defined in Eq. (39) (here ϕ and β0 are defined for the inflaton perturbations). If one consider ϕk ∼ kη0 then fNL
is insensitive to the value of β0 so fNL at the order of few can be obtained with no restrictions on the value of β0.
On the other hand, if one allows ϕk ∼ const. then fNL scales like fNL ∼ β40 . Therefore, β0 can not be too large in
this limit.
To calculate the anisotropies in power spectrum and bispectrum we use the standard in-in formalism [50–52]
〈Q(ηe)〉 =
〈[
T exp
(
i
∫ ηe
η0
HI(η
′)dη′
)]
Q(ηe)
[
T exp
(
−i
∫ ηe
η0
HI(η
′)dη′
)]〉
, (45)
in which Q is the physical quantity whose expectation value is calculated at the end of inflation, η = ηe. Note that
for power spectrum, we set Q = δφ2 while for the bispectrum Q = δφ3. In addition, T and T respectively stand for
the time-ordered and anti-time-ordered products and HI is the interaction part of the Hamiltonian in the interaction
picture. As for η0 we can take kη0 → −∞ so the modes of interests were originally deep inside the horizon.
A. Anisotropic Power Spectrum
Here we calculate the effects of non-BD initial conditions in anisotropic power spectrum. The corresponding analysis
for the BD vacuum are studied in [16–23].
To leading order the anisotropy in inflaton power spectrum, δ < δφ2(ηe) >, is [22]
δ < δφ2(ηe) >= −
∫ ηe
η0
dη1
∫ η1
η0
dη2
[
HI(η2),
[
HI(η1), δφ
2(ηe)
]]
. (46)
The second order interaction Hamiltonian, H
(2)
I , from the Lagrangian Eq. (33) is
H
(2)
I = −
√
6I
η
b2f
a
sin2 θ(D′∗1 δφ+D
′
1δφ
∗) . (47)
The corresponding Feynman diagram is presented in Fig. 1 which has the form of an exchange vertex linking δφ and
D1 in the interaction Hamiltonian Eq. (47).
The fractional change in power spectrum, which is a measure of the anisotropy in power spectrum, is [22]
δ〈δφ(ηe)2〉
〈δφ(ηe)2〉 =
192I sin4 θ
|u(ηe)|2
∫ ηe
η0
dη1
∫ η1
η0
dη2
η1η2
η4e
Im [u(η1)u(ηe)
∗] Im [u(η2)u(ηe)∗v′∗(η1)v′(η2) .] (48)
Furthermore, note that at the end of inflation kηe ' 0 so
uk(ηe) ' i√
2kkηe
(β(φ) − α(φ)) . (49)
In models with BD initial condition one can show that the dominant contributions in integrals in Eq. (48) comes
from the super-horizon scales in which −1 < kη2 ≤ kη1 < 0. This is because the contributions of the modes from
deep inside the horizon, corresponding to kη  −1, are highly oscillatory so their overall contributions cancel out.
However, in the model with non-BD initial conditions the situation is non-trivial. Indeed, it looks challenging how
one may calculate the integrals in Eq. (48) with general αI and βI . There are many new terms which did not exist
in BD case. The clue, as before, is that the contributions for the modes deep inside the horizon are highly oscillatory.
Taking kη0  −1 then all the UV oscillations are expected to cancel each other again. As a result, the dominant
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FIG. 2: Here the fraction of full numerical calculation Eq. (48) to the analytical result Eq. (50) are plotted with kη0 = −100.
The four component vectors are defined as (χ(φ), ϕ(φ); χ(A), ϕ(A)). As can be seen this ratio converges rapidly to unity for
large N . This is because the rapid oscillations for the modes deep inside the horizon cancel out and the main contributions in
the in-in integrals comes from the IR region.
contributions in the integrals in Eq. (48) are expected to come from the super-horizon limit in which kη → 0−. We
have checked the validity of this prescription numerically as we explain below.
Taking the super-horizon limit of the integrals in Eq. (48) and neglecting the sub-leading terms we obtain
δ〈δφ(ηe)2〉
〈δφ(ηe)2〉 = 24I sin
2 θ N2e
|α(A)k − β(A)k |2
|α(φ)k − β(φ)k |2
= 24I sin2 θN2e
(
1− 2 coshχ(A)k sinhχ(A)k cosϕ(A)k + 2 sinh2 χ(A)k
)
(
1− 2 coshχ(φ)k sinhχ(φ)k cosϕ(φ)k + 2 sinh2 χ(φ)k
) , (50)
where Ne = − ln(−kηe) is the total number of e-foldings counted from the time of end of inflation and the phase ϕIk is
defined as in Eq. (39). Note that there are sub-leading terms at the orders O(Ne) and O(1) which we have neglected.
More specifically, the Ne dependence above has the sub-leading corrections N
2
e → N2e
(
1 + 16Ne
)
+O(1). In the limit
of our interest in which Ne  1 we can neglect the order O(Ne) and O(1) corrections.
Correspondingly, the anisotropy parameter g∗ defined in Eq. (1) is obtained to be
g∗ = −24IN2e
|α(A)k − β(A)k |2
|α(φ)k − β(φ)k |2
= −24IN2e
(
1− 2 coshχ(A)k sinhχ(A)k cosϕ(A)k + 2 sinh2 χ(A)k
)
(
1− 2 coshχ(φ)k sinhχ(φ)k cosϕ(φ)k + 2 sinh2 χ(φ)k
) . (51)
As expected, in the BD limit in which αIk = 1, β
I
k = 0 we get the known result g∗ = −24IN2e .
One simple observation from the above formula is that g∗ < 0 so the inclusion of the non-BD initial condition does
not change the sign of the anisotropy parameter. The constraints from the PLANCK data implies |g∗| . 10−2 [6].
In models with the BD initial condition this imposes the strong fine-tuning I < 10−6. However, in the model with
non-BD initial conditions, we have enough new parameter to bypass this fine-tuning. There are different options to
enhance the factor |α(A)k − β(A)k |2/|α(φ)k − β(φ)k |2. For example, let us take the inflaton field perturbations to be in BD
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FIG. 3: The same plot as in Fig. 2. For a given value of the parameters (χ(φ), ϕ(φ); χ(A), ϕ(A)) there are two curves with
kη0 = −50 and kη0 = −300. For each set of (χ(φ), ϕ(φ); χ(A), ϕ(A)) the two curves coincide very well with each other. This
indicates that the results of in-in integrals are insensitive to kη0 as long as kη0  −1.
vacuum so α
(φ)
k = 1, β
(φ)
k = 0. If we take cosϕ
(A)
k ∼ −1 and χ(A)k ∼ 4, then the fraction in Eq. (51) can be as large as
103. This can help to relax the fine-tuning on the anisotropy parameter and one can easily satisfy the observational
constraints on g∗ with I ∼ 10−3. For large values of χk the role of the phase ϕk is important. For example, taking
the BD initial condition for the scalar field perturbation and assuming ϕ
(A)
k ∼ pi and χ(A)k  1 then g∗ is enhanced
by the factor eχ
(A)
k . Having this said, one can not take χk arbitrary large because one has to take into account the
back-reaction effects and the constraints from the amplitude of local non-Gaussianity as discussed after Eq. (44).
Finally in the limit that ϕ
(A)
k = ϕ
(φ)
k and χ
(A)
k = χ
(φ)
k the effect of non-BD correction is canceled from (51). One can
also show that for ϕ
(A)
k , ϕ
(φ)
k ∼ 0 and χ(A)k , χ(φ)k  1 the same conclusion is obtained.
In Fig. 2 we have plotted the ratio of the in-in integrals in Eq. (48) obtained full-numerically to the analytical
result Eq. (50) with kη0 = −100. As can be seen, for large Ne, the ratio approaches unity rapidly. This justifies our
analytical methods of calculating the in-in integrals in which the super-horizon contributions of the integrals are kept
while the contributions from the rapid oscillations deep in the UV regions are discarded. The deviation from unity
for small Ne is due to sub-leading corrections. As expected, for large Ne the approximation becomes more and more
accurate. In Fig. 3 we have plotted this ratio for different values of kη0. As expected, as long as kη0  −1, the results
are independent of η0. This is again a manifestation of the fact that the dominant contributions to the in-in integrals
are from super-horizon regions in which −1 ≤ kη < 0 and the UV contributions in the regions kη0 ≤ kη ≤ −1 cancel
out.
B. Anisotropic Bispectrum
Here we calculate the the effects of non-BD initial conditions on anisotropic bispectrum. The anisotropic bispectrum
for models of anisotropic inflation and related models were calculated in [19–21, 23–25, 53–55, 57–62], for a recent
work on trispectrum see [63]. As proved in [22], the leading contribution in the bispectrum comes from the gauge fields
perturbations and one can neglect the non-Gaussianities generated from the metric excitations. The contributions of
the metric fluctuations in bispectrum are at the order of the slow roll parameter following Maldacena’s analysis [44].
The cubic interaction H
(3)
I between the inflaton and the gauge field comes from the gauge kinetic coupling term
f(φ)2FµνF
µν which has the following form
H
(3)
I = −f(φ)f,φ(φ)
∫
d3p
∫
d3k sin θp sin θk cos (θk − θp)δφ−(p+k)D′1kD′1p (52)
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in which θk is the angle between the momentum direction k and the x-axis as defined in Eq. (17). The form of this
cubic Hamiltonian is intuitively understandable. Because of the attractor solution, the gauge field at the background
leads to the factor
√
R so in order to get the leading interaction we should consider the second order terms for the
gauge field fluctuations and the first order term for the inflaton field.
Now by using the transfer vertex, Eq. (47), we can calculate the anisotropic bispectrum. Following the general
prescription of the in-in formalism given in Eq. (45) the leading contribution in the bispectrum comes from the third
ordered expansion as follows
〈R3(ηe)〉 = − i
(2)
3/2
M3P
∫ ηe
η0
dη1
∫ η1
η0
dη2
∫ η2
η0
dη3
[
HI(η3),
[
HI(η2),
[
HI(η1), δφ
3(ηe)
]]]
(53)
in which the relation R = δφ/√2MP have been used for the comoving curvature perturbation R.
Even in the absence of anisotropies large bispectrum can be generated with the non-BD initial conditions [28–43].
However, we are not interested in isotropic bispectrum so in the following analysis we concentrate only on anisotropic
bispectrum.
To calculate the anisotropic bispectrum from the above nested integrals we should replace one of HI(ηi) with the
cubic Hamiltonian H
(3)
I and the rest with the quadratic H
(2)
I . Since there are three different locations for H
(3)
I to
sit down, we will have three possible terms. However, as we will see the leading result is proportional to N3e which
means that these different situations are equivalent. So in the following we only mention the final answer which has
been multiplied by the factor 3,
〈Rk1(ηe)Rk2(ηe)Rk3(ηe)〉
∣∣
aniso.
= − 2
5 × 72I
(2)3/2M3P
(2pi)3δ3(k1 + k2 + k3)
{
sin3 θk2 sin
3 θk3 cos(θk2 − θk3) (54)
×
∫ ηe
η0
dη1
∫ η1
η0
dη2
∫ η2
η0
dη3
f(η3)
η3
f(η2)
η2
f(η1)f,φ(η1)
a(η1)
Im [uk1(η1)uk1(ηe)
∗]
× Im [uk2(η2)uk2(ηe)∗v′∗k2(η1)v′k2(η2)] Im [uk3(η3)uk3(ηe)∗v′∗k3(η1)v′k3(η3)]+ 2 c.p.}
in which c.p. represents the cyclic permutations so we have three terms in total.
Let us define
x0 = k3η0 , x1 = k1η1 , x2 = k2η2 , x3 = k3η3 , xe = k1ηe . (55)
In the integral above, k1 appears differently than k2 and k3 so that is why we have defined xe with respect to k1.
Noting that φ =
√
2MP /
√
 and the isotropic power spectrum is given by
PR(k) =
H2
4k3HM2P
|α(φ)k − β(φ)k |2 , (56)
Eq. (54) yields
〈Rk1Rk2Rk3〉
∣∣
aniso.
= (−72× 28 × I)(2pi)3δ3(k1 + k2 + k3)
{
k2k3
k1
PR(k2)PR(k3)C(k2,k3)
|α(φ)k2 − β
(φ)
k2
|−2|α(φ)k3 − β
(φ)
k3
|−2
∫ xe
x0
dx1
∫ x1
x0
dx2
∫ x2
x0
dx3
x51x2x3
x5e
Im [uk1(η1)uk1(ηe)
∗]
Im
[
uk2(η2)uk2(ηe)
∗v′∗k2(η1)v
′
k2(η2)
]
Im
[
uk3(η3)uk3(ηe)
∗v′∗k3(η1)v
′
k3(η3)
]
+ 2c.p.
}
, (57)
in which the shape function C(k2,k3) is defined as [19, 24]
C(k2,k3) ≡ 1− (n̂.k̂2)2 − (n̂.k̂3)2 + (n̂.k̂2)(n̂.k̂3)(k̂2.k̂3)
= sin θk2 sin θk3 cos(θk2 − θk3) . (58)
We are interested in the bispectrum defined as
〈Rk1Rk2Rk3〉 ≡ (2pi)3 δ3 (k1 + k2 + k3)BR(k1,k2,k3) . (59)
Therefore, the anisotropic bispectrum is obtained to be
Baniso.R (k1,k2,k3) = (−72× 28 × I)
{
k2k3
k1
PR(k2)PR(k3)C(k2,k3)
∫ xe
x0
dx1
∫ x1
x0
dx2
∫ x2
x0
dx3
x51x2x3
x5e
|α(φ)k2 − β
(φ)
k2
|−2|α(φ)k3 − β
(φ)
k3
|−2 × Im [uk1(η1)uk1(ηe)∗]× Im
[
uk2(η2)uk2(ηe)
∗v′∗k2(η1)v
′
k2(η2)
]
×Im [uk3(η3)uk3(ηe)∗v′∗k3(η1)v′k3(η3)]+ 2c.p.} (60)
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The above nested integral has very complicated forms in the presence of non-BD initial conditions. It seems impossible
to evaluate this integral in general case. However, as we discussed in the power spectrum case, we are interested
in the limit where the modes are initially deep inside the horizon and kη0  −1 so x0  −1. As a result the
contributions of these UV modes in the in-in integrals cancel out because of the rapid oscillations. Therefore, one has
to consider the contributions of the modes after the time of horizon crossing. This correspond to taking the integral
as
∫ xe
−1
∫ k2x1/k1
−1
∫ k3x2/k2
−1 ... with ... representing the integrand function. Similar to the power spectrum case we have
checked that our analytical results obtained this way converges to the full numerical results for Ne  1.
With this prescription, the bispectrum is calculated to be
Baniso.R (k1,k2,k3) = 288IN(k1)N(k2)N(k3)
[
|α(A)k2 − β
(A)
k2
|2|α(A)k3 − β
(A)
k3
|2
|α(φ)k2 − β
(φ)
k2
|2|α(φ)k3 − β
(φ)
k3
|2
C(k1,k2)PR(k1)PR(k2) + 2c.p.
]
(61)
Here N(ki) represents the number of e-folds when the mode ki has left the horizon. For practical purpose one may
simply take N(ki) ' Ne. In the limit of BD vacuum, the above formula reproduces the results in [19, 24].
It is also instructive to calculate fNL in the squeezed limit k1  k2 ' k3 defined via
fNL(k1,k2,k3) = lim
k1→0
5
12
BR(k1,k2,k3)
PR(k1)PR(k2)
. (62)
In this limit, for the anisotropic part of fNL, we get
faniso.NL = 240IN(k1)N(k2)
2C(k1,k2)
|α(A)k2 − β
(A)
k2
|4
|α(φ)k2 − β
(φ)
k2
|4
(k1  k2 ' k3) (63)
It will be helpful to eliminate the unknown factors |αIk2 − βIk2 | and express faniso.NL in terms of the observational
parameter g∗ obtained in Eq. (51). This yields
faniso.NL =
10
24
g2∗N(k1)
IN(k2)2
∼ g
2
∗
100I
(k1  k2 ' k3) (64)
This expression indicates that for a fixed value of g∗, the larger the value of I the smaller the value of faniso.NL .
However, to satisfy the observational constraints from PLANCK we need |g∗| . 10−2 [6]. In the BD case with
Ne = 60 this yields I ∼ 10−6 and one can obtain faniso.NL ∼ few. However, in the presence of non-BD initial condition,
if we use the additional freedom in Eq. (51) to lower the fine-tuning on I, say I as large as I ∼ 10−3, then faniso.NL
becomes very small, comparable to slow-roll parameters. Of course, in this limit we can not neglect the gravitational
back-reactions [44]. In addition in this limit the anisotropic bispectrum is too small to be detected.
To summarize, in this work the effects of a generalized non-vacuum initial state on anisotropic power spectrum and
bispectrum were studied. The motivation originates from the fact that in these models the level of anisotropies grow
with the total number of e-folds (N2e for power spectrum and N
3
e for the bispectrum). This is because the gauge
field fluctuations accumulate on super-horizon scales to make the classical back-ground more and more anisotropic.
As a result, the total number of e-foldings in models of anisotropic inflation can not be arbitrarily large. As a result,
the physical predictions are sensitive to the initial state at the start of inflation. Intuitively speaking, since inflation
can not have an extended period in the past in these models, then there are remnants of initial quantum state of
the universe which did not settle down to vacuum. We have parameterized the deviation from the Bunch-Davies
or Minkowski vacuum state in terms of the Bogoliubov coefficients αIk and β
I
k . As expected, the predictions on
anisotropic power spectrum and bispectrum depends on these non Bunch-Davies coefficients. We also allowed for
different Bogoliubov coefficients for the inflaton and the gauge field fluctuations. This is motivated from the intuition
that the gauge field and the inflaton may have been affected differently in the past inflationary history. For example,
there may be a phase transition or particle creation in the inflaton sector which might not affect the gauge field
sector. We have shown that in terms of the Bogoliubov coefficients the physical parameters g∗ and faniso.NL scales like
g∗ ∝ |α
(A)−β(A)
α(φ)−β(φ) |2 and faniso.NL ∝ |α
(A)−β(A)
α(φ)−β(φ) |4. It is argued that one may use these additional factors to reduce the level
of fine-tuning on the anisotropy parameter I while satisfying the observational constraints on g∗. In addition, for a
fixed value of g∗ the value of fNL is decreased by increasing the value of I.
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